Logarithmical Blow-up Criteria for the Nematic Liquid 

Crystal Flows * 

Qiao Liu^ ^ and Jihong Zhao^ * 
, Department of Mathematics, Hunan Normal University, Changsha, Hunan, 410081, 

People's Republic of China 
^ College of Science, Northwest A&F University, Yangling, 
Shaanxi 712100, People's Republic of China 



Abstract 

We investigate the blow-up criterion for the local in time classical solution of the nematic 
liquid crystal flows in dimension two and three. More precisely, < T* < +00 is the maximal 
time interval if and only if (i) for n = 3, 

II'^IIbo +l|Vd|||o 



r_ 

Jo ,/l + hi(e+ |la;||^o + ||Vd||^o 



zdt — 00, 



r\f — 00; 



+ ln(e+||V^||^-^i^ + ||Vd||BO^_^) 
and (ii) for n = 2, 



|2 



||Vd|[^^ „ 

dt — 00. 



^l + ln(e+||Vd|lso^ 
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1 Introduction 

In this paper, we are interested in the following Cauchy problem of the flow of the nematic 
liquid crystal material in n-dimensions (n 2 or 3): 

9(1* - i/Au -t- (u • V)u + VP = -AV • (Vd Vd) in M" x (0, +cx)), (1.1) 
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dtd+{u-V)d = j{Ad+\Vd\^d) in K" x (0, +00), (1.2) 

V-w = in R" X (0,+oo), (1.3) 

{u,d)\t^o^{uo,do) inR", (1.4) 

where u{x,t) : M" x (0, +00) — > M" is the unknown velocity field of the flow, P{x,t) : M" x 
(0, +CX)) — > R is the scalar pressure and d : R" x (0, +cx)) — > S'^, the unit sphere in R'^, is the 
unknown (averaged) macroscopic/continuum molecule orientation of the nematic liquid crystal 
flow, V • M = represents the incompressible condition, uq is a given initial velocity with V • uq = 
in distribution sense, do ■ I^" ^ is a given initial liquid crystal orientation field, and A, 7 are 
positive constants. The notation Vd Vd denotes the n x n matrix whose (i, j')-th entry is given 
by did ■ djd (1 < i,j < n). Since the concrete values of the constants v, A and 7 do not play a 
special role in our discussion, for simplicity, we assume that they all equal to one throughout this 
paper. 

The system (|l.ip - (|1.4l) is a simplified version of the Ericksen-Leslie model [11[13], which can 
be viewed as the incompressible Navier-Stokes equations (the case d = 1, see [8l[T2l[Il|) coupling 
the heat flow of a harmonic map (the case u = 0, see O HU [26]). Mathematical analysis of 
the system (ll.ip - ()1.4p was initially studied by a series of papers by Lin and Lin and Liu 
[IHIIII]. Later on, there are many extensive studies devote to the nematic liquid crystal flows, see 
[5l0[3[15l[T7l[2Ol[2Tl[22l[2l[26l[27] and references therein. For instance, when the dimension 
n = 2, Lin, Lin and Wang [T7] established global existence of Leray-Hopf type weak solutions 
to (|l.ip - (|1.4p on bounded domain in R^ under suitable initial and boundary value conditions. 
Li and Wang in [TS] established the existence of local strong solution with large initial value 
and the global strong solution with small initial value for the initial-boundary value problem of 
system (fLT jl - lfOl) . Wang in [26| proved that if the initial data {uo,do) G BMO~^ x BMO 
is sufficiently small, then system (|l.l|) - ()1.4p exists a global mild solution. Lin and Wang [20] 
established that when the initial data (uo,do) satisfying uq, Vdo G L"(R"), the solution (u,d) G 
C([0,T];L"(R")) X C([0, T]; M^i'"(R", S^)) to system ([TTll- p:!) is unique. 

In the present paper, we are interesting in the short time classical solution to the system (II. ip - 
()1.4p . Since the strong solutions of the heat flow of harmonic maps must be blowing up at finite 
time [5], we cannot expect that p.ip - (|1.4l) has a global smooth solution with general initial data. 
It is well-known that if the initial velocity uq G H^{W\ R") with V • uq and do G H'+^{W^,S'^) for 
s > n, then there exists < < +00 depending only on the initial value such that the system 
p.ip ~ (|1.4p has a unique local classical solution (u,d) G R" x [0,r*) satisfying (see for example 

m) 

u C{[Q,T];H'{W\W')) r\C^{[Q,T];H'-\«\W)) and 

d G C([0, T]-H'+^{W\^'^)) n Ci([0, T]; i7''(R", §2)) (1.5) 

for all < T < T:„. Here, we emphasize that such an existence theorem gives no indication as to 
whether solutions actually lose their regularity or the manner in which they may do so. Assume 
that such is the maximum value for (|1.5I) holds, the purpose of this paper is to characterize 
such a T«. 
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For the weh-known Navier-Stokes equations with dimension n > 3, the Serrin conditions (see 
[23l [T4] ) state that if < T^, < oo is the first finite singular time of the smooth solutions u, then u 
does not belong to the class L"(0, T*; L'^(M")) for ah f + | < 1, 2 < a < oo, n < /3 < oo. Beale, 
Kato and Majida in 1^ proved that the vorticity lu — V x u does not belong to L^{0, T,; L°°(M")) 
if r» is the first finite singular time. Later on, Kozono and Taniuchi |12) . Kozono, Ogawa and 
Taniuchi [11] and Guo and Gala [9] improved the results of [1 into BMO and Besov space, more 
precisely, if T* is the first singular time, then there hold 

T. 

\\(^\\BMO<it = oo; 

dx = oo, 



yr+MiTH^rj 

where B'^ denotes the homogeneous Besov space. On the other hand, as for the heat flow of 
harmonic maps into S^, Wang [26] established that for n > 2, the condition Vrf e L°°(0, T; L"(E")) 
implies that the solution d is regular on (0,T], i.e., d € C°°{{0,T] x K"). For the system IlT]) - 
()1.4p . when dimension n ~ 2, Lin, Lin and Wang obtained that the local smooth solution {u, d) to 
(|l.ip - (|1.4p can be continued past any time T > provided that there holds 

/ ||Vd(-,t)||i4dt < 00. 
Jo 

Huang and Wang [7] established that 

rT, 

/ (IIi^IIl^ + II V(i|||oo)da; = oo when dimension n = 3; 
Jo 

I II Vdll^ooda; = oo when dimension n = 2, 

^0 



where < T, < oo is the first finite singular time. Motivated by the above cited papers, the purpose 
of this paper is to establish blow-up criteria for local smooth solutions of system (jl.ip ~ (|1.4p in term 
of the homogeneous Besov spaces. 
Our main results are as follows: 

Theorem 1.1 For n = 3, uq e H^{R^,R^) withV-uo = and do e H^{R^,S'^), let > be the 
maximum value such that the nematic liquid crystal flow (|l.ll) - (|1.4p has a unique solution {u,d) 
satisfying (|1.5I) . //T* < +oo, then 

||c.||^o^^ + ||Vrf|||^^ 

dt = oo, (1-6) 



/l + /n(e+ Ijwlljjo + ||Vd||^o ) 



|2 



||Vu|||_, +||Vd||^„ 

di = oo, (1.7) 



^l + ln{e+\\Vu\\g-^i^ + ||Vd||jjo^ 



3 



where u 



= V X u is the vorticity. In particular, it holds that 



lim sup (IIwIIbo +||Vd||^o )=0; 
lim sup (||Vu|U-i +||Vd|lAo ) = 0. 

Remark 1.2 1. By the Sobolev imbedding L°°{R^) C B^^^{M.^), it is easy to see that the condition 
(|1.6p is an extension that of 

2. Notice that Vu G B^^{MP) is equivalent to u £ B^ it follows that the condition (jl.7p 
can be replaced by the following condition: 

'|u|||^^ + ||Vd|||^^ 

dt = oo. 



^1 + ln{e + \\u\\ go^^^ + II Vd|| J 



In particular, there holds 



lim sup (||u||bo +||Vd||j30 ) = 0. 



As a byproduct of our proof of Theorem 1.1, we obtain the fohowing corresponding criterion 
in dimension two. More precisely, we have 

Theorem 1.3 For n=2, uq G H'^{R'^,R'^) with W ■ uq = and do e H^(M.'^,S'^), let > Q be the 
maximum value such that the nematic liquid crystal flow (|l.ip - (|1.4p has a unique solution {u,d) 
satisfying (|1.5p . //T* < +oo, then 



In particular, there holds 



y^l + /n(e+ llVdllso^ J 



Hm sup II Vrf|| go = 0. 



dt^ oo. (1.8) 



The remaining of the paper is written as follows. Section 2 is devoted to the proof of Theorem 
1.11 In Section 3, we prove Theorem 11.31 Throughout the paper, C denotes a constant and may 
change from line to line; || ■ \\x denotes the norm of space X(M'^) or X{M.'^). 



2 The proof of Theorem 11.11 

In this Section, we shall give the proof of Theorem 11.11 Before going to the proof, we first review 
the following two inequalities, the first one can be found in [llj and the second one can be found 
in 0: 

ll/lk- < C(l + ll/bsL,^ln^(l + ll/lk=-0) (2.1) 
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for / e with s > f + 1 and 71 > 2. 

ll/IU^<ll/ll|-i llV/lli (2.2) 



for/effi(R3)ni?-i„ 

Case I: We now give the proof of Theorem 1.1 under the assumption (ll.6p . 

Since we deal with the local smooth solutions, and notice that [0,r*) is the maximal existence 
interval of local smooth solution associated with initial value {uo,do). We prove Theorem 1.1 
arguing by contradiction. Suppose, that (|1.6p is not true. Then there is < Af < oo such that 

II^IIbo +\\yd\\i, 

-At<M. (2.3) 



/l + ln(e+||w||^o^^^ + ||Vd||^o^^) 
We will show that if assumption (|2.3p holds, then there holds 



hm (||VMt,.)|li. + ||VMi,-)lliO<C, (2.4) 



for some positive constant C depends only on uo,do,T^ and M. The estimate ()2.4p is enough to 
extend the smooth solution (u, d) beyond to T^. That is to say, [0,T^) is not a maximal interval 
of existence, which leads to the contradiction. 
We first taking Vx on (|l.ip . it follows that 

wt- Aw + u- Vw = w Vit- V X (Ad- Vd), (2.5) 
where we have used the facts that V • (Vd (g) Vd) = V(^^) + Ad • Vd and V x V(^^) 0. 



Multiplying p.Sp with u and integrating over M'^, we obtain 

IT n 

--||w(-,i)||2, + ||Vw|||2 = / [(cj-V)u-w + (Ad- Vd)-Vxcj]dx:=/i+/2, (2.6) 
2 dt J^3 

where we have used the fact that divw = implies that (m • V)a; ■ wdx = i Jjg3(w- V)|ajpda; — 0. 
By using the Holder's inequality and (|2.ip with s = 3, we can estimate /i as 

h <CMl^\\Vu\\l2Ml2 < C||c^||L~||c^||i. 
<C{l + M^o^jJ{e+\\AMLm^\\h 
<C7(1 + ||c^||^o \J{e+\\A\\\L2))M\l, 



<C ^ ln^(e + WAMl^) 



<C , °°°° in^e + Wu\\l2 + l|A'd|U2) 

/l + ln(e+||a.||^o +||Vd||50 ) 

x (1 + ln(e + + ||A3Vd|U2))3 + cMl. 







f ln(e -i 




+ ||Vd||50^^^) 




- ln(e + 




H|Vd|lBO^_^)) 






II'^IIbo 






f ln(e -i 


- II^IIbo 


+ llVdll^o ) 
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<C =ln(e + IIA^^IU. + IIA^dlUOII^lli^ + CM^, (2.7) 

^1 + lnie + Mgo^^^ + \\\7d\\so^J 

where A :— (— A)^, and we have used the fact 

Vu = (-A)"V(V X uj) imphes ||Vm||l2 < C||w||i2, 
and the following standard Sobolev imbedding 

H^{W^) C H^{R^) C i°°(M3) c BM0(R3) C S^_^(R3). (2.8) 
As for I2, by using the Holder's inequality and (|2.ip with s = 4, we get 



h <C\\\Ad\\Vd\\\L2\\VLu\\L-2 < C\\Vd\\L^\\Ad\\L2\\VLu\\ 

<\\\yi^\\h + c\\vdWU\\Ad\\i. 



L2 



1„ Il^^llk 



<-||Vc.||i. + C(l + \\Vd\\l, ln(e + WA^VdUmMlh 



4 ./l + ln(e+||a.||^o + l|Vd||^o ) 



X (1 + ln(e + llc^ll^j^^ + ||Vd||^o^^^))^||Ad||i. + C||Ad||i. 
<-||Vc.||i. + C ^ _[ln(e + IIA^ulU. + \\A^\L'2p\\Ad\\ 



L2 



"4 ■ ~ ^l + ln(e+||a.||5^^^ + ||Vd||^o^^^) 

+ C||Ad|l2,. (2.9) 

Inserting estimates (12.71) and (12.91) into (|2.6p . it follows that 

|ll^(-,i)lli^ + ^l|Vc.||i. <C(||a.||i. + ||Ad|li.) 
llVdlllo 

^l + He+M^o^^^ + \\Vd\\^o^J 

(2.10) 

Taking A on equation (|1.3p . multiplying Ad and integrating over R'^, one obtains 
-\\^d{-,t)\\l2 + \\VAd\\l2 = - [ A{u-\7d) ■ Addx+ [ A{\Vdfd)-Addx:=h+h. (2.11) 
Notice that the fact div u = implies that 

/ (w • V)Ad • Addx = i / M ■ V|Adpd.T = 0, 

and the equality 

Vxw = Vx(Vxu) = V(V -u)- Au = -Au implies ||Au||i2 < C||Va;||i2. 



ld_ 
2di' 



Hence we can estimate I3 as 
l3< [ \Au\\Vd\\Ad\dx + 2 [ \Vu\\\/^d\\Ad\dx 

Jr3 JR3 

<\\Au\\L2\\Vd\\L^\\Ad\\L2 + \\yu\\L2\\V^d\\L4Ad\\L^ 

<||Vw|U2||Vd|U=o||Ad|U. + ||c^|U2||Vd|Uo.||VAd|U2 
< JdlV^lli. + llVAdlliO + C\\Wd\\l^{Ml. + \\Ad\\l.) 

<\{\\^^\\h + llVAdlliO + C(l + llVdll^o^ ^ln(e + ||A3vd|U.))(ll^llL + l|Ad|li.) 

<\{\\^^\\h + II VAdlliO + C(||..||i. + II Ad||i.)+ 
l|Vd||2,„ 

C , ^ „ „ „ [ln(e+ ||A3y|U.+ ||A4d|U0]^(ll^lli^+ IIA^Ili^), (2.12) 

^l+He+M^<^^+\\Vd\\go^J 

where we have used the Gaghardo-Nirenberg inequahties 

||V2d||i4 < ||Vrf||i„||VAd|||, and ||Ad|U4 < ||Vd|||^ ||VAd|i J,. 
To estimate I4, notice that the condition \d\ = 1, 

14= [ [A{\Vd\^)d- Ad + 2V{\Vd\^)\/d- Ad+\\/d\^\Ad\^]dx 

= / [-V(|Vdnvd • Ad - VdVdHd • VAd + 2Vi\Vd\^)Vd ■ Ad + \Vd\^\Ad\^]dx 

< [ [6\\7d\^\V^d\\Ad\+2\Vd\\V^d\\\7Ad\ + \Vd\^\Adf]dx 
<Ci\\Vd\\l^\\Ad\\L2\\V^d\\L2 + \\Vd\\L^\\V^d\\L2\\VAd\\L2 + ||Vrf||ioo||Arf||i.). 
By the standard calculation, it is easy to obtain the equality ||V^o?||i2 — ||Ao?||i2. Hence, 
h <C{\\Wd\\l^\\Ad\\l2 + \\Vd\\Lo.\\V^d\\L2\\VAdh2) 
<^\\S7Ad\\l2+C\\Vd\\l^\\Ad\\l2 



<-||VAd||i. + C(l + ||Vd|||„ ln(e + \\A'S/dU2))\\Ad\\l2 



<-\\VAd\\l2+C\\Ad\\l2 + 

C I ^ „ „ „ [ln(e+ ||A3^|U.+ \\K'dU2)]HM\l2+ ||Arf||i.). (2.13) 

/l+ln(e+||c^||so +||Vd||50 ) 

Inserting estimates (I2.12p and (|2.13p into (|2.1ip . it follows that 

|||Ad(,t)||i. + llVAdlli. < i||V..||i. + C{\\uj\\l2 + IIAdlliO 
ll^'^lllo 

+ C . ^ =[ln(e+ \\A'dU^)]HM\l2+ ||Ad||i.). (2.14) 

/l+ln(e+l|w||so +||Vd||BO ) 



Due to (|2.3p . one concludes that for any small constant e > 0, there exists T = T{£) 6 (0,T*) 
such that 

ll^ll^o + ||Vd|||„ 

At<e. 



For any T < t < T*, we let 



y{t):^ sup (||A^^.||i. + ||A*d||i.)- (2.15) 

T<T<t 



Then, by abbreviately denoting C{ ||a;(-, T(e)) [[^ , + 1| Arf(-, T(£)) , } as C(e). Putting ([2l0l) . (|2lll) 
and (|2.15p together, we find that 

|(||c.(-,i)|li. + l|Ad(-,i)lli.) + llV^lli. + llVAdlli. < + IIAdlliO 

l|Vd|||„ 

c . ^ =Ke + yW)]Mll^lli^ + l|AdHi.)- (2.16) 

/l+ln(e+ llwlljjo +||Vd||^o ) 



By Gronwall's inequality to (|2.16p in the interval [T, t), we have 

IK.,t)lli. + IIAd(-,i)iii2 



<(||..(.,T)||^+||Ad(.,T)||^)exp<;/ Cdr+C/ , ^ °°f „ °°7 drlnS (e+ y(t))) 

iT./l + ln(e+||c.||^o +||Vd||^o 



<(|K-,T)||i. + ||Ad(.,r)||iOexp{c[(r. -r) + dni(e + y(t))]} 

<C(£) exp(Ce(l + lni(e + y{t)))) < C(e)(e + 2;(t))^, (2.17) 

where C is the positive constant whose value is independent of either e or T, and C(e) is a bounded 
positive constant depending on e which may change from line to line. 

Next, we will derive the estimate of y{t) defined by (|2.15p . To this end, we need to introduce 
the following commutator and product estimates (see |10j): 

||A"(/5) - /A"g|Up < C(||V/|Up, ||A«-i.g||i,, + |1A"/|U.. \\gU..); (2.18) 
||A"(/5)||lp < C(||/|Upi||A"g|U,. + ||A"/||iP.||.g|U,0 (2.19) 

with a > 0, 1 < p,pi,p2,qi,q2 <ooandi = J^ + |-==^ + ^. 

Applying A'^ on (|l.ip . multiplying A^u and integrating over R^, one obtains 

i^||A3M(.,t)|||2 + ||A4u(.,i)||2,=-/" A^{u-\7u)-A^udx-[ A^{Ad ■ \7d) ■ A^udx:=k+k, (2.20) 

where we have used the fact that divu = implies J^^ A'^V( ^'^^^ ) • A'^itda; = 0. Applying (|2.18p . 
it follows that 



/g = / [A^(u . Vm) - u ■ VA^u] • A^udx 
Jr3 
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<C\\[A^iu ■Vu)~u- VA^u]!!^! \\A\\\l3 
<C\\Vuh4^Ml^ < C\\Vu\\f,\\AMU^Mh 
<^\\A^u\\l, + C\\Vu\\%\\A\\\l 

<^\\A^u\\l, + Co\H\%\\A\\\l. (2.21) 
Here we have used the following Gagliardo-Nirenberg inequalities: 

||Vu||i3 < C\\Vu\\l2\\A\\\l, and \\A\\\l3 < C|| Vu|| J. HA^uHf,. 
For /g, applying the Holder's inequality and the Leibniz's rule, we have 
h = [ A^{Ad-\/d) ■ A\dx 



R3 

\\\/\ 


2 

L2 


+ C [ \A^{Ad-\/d)\^dx 




2 

L2 


+ C / (lA^dplVdp + IA^dplA^dHdx 




2 

L2 


+ C{\\Vd\\l4A^\l:, + \\A^\UA'd\\l, 




2 

L2 


+ C{\\Ad\\l.M'd\\l + \\Ad\\fM'd\\l) 




2 

L2 


+ \\\A'd\\l, + Coi\\Ad\\l\ + \\Ad\\%). 



Here we have used the following Gagliardo-Nirenberg inequalities: 

\\A'dhs<C\\Ad\\l4A^\l; 
\\A'dh^<C\\Ad\\l\\A'd\\U 
\\AM\r^.<C\\Ad\\l\\A'd\\l,. 

Inserting f^LTT^ and into (E^Ol), one gets 

f~i 1 13 3 3S 

-IIA^^IIi.+IIA^^IIi. < -IIA^dlli, + CiMJMMh + + IIAdllJ.) 

<^\\A^d\\l, + CoC{e){l + y{t)f-^\\AMh + CoC{e){l + y(t)f-^ . (2.23) 
Taking A* on (|1.2p . multiplying A^d and integrating over R^, one obtains 
7:^\\^^d\\l2 + \\A'^d\\l2 = - f A'^{u-Vd)-A^ddx+ f A^{\Vd\^d) ■ A^ddx := I7 + h- (2.24) 
Similar as the estimate of I^, we have 

/y = - / [A'^(w • Vd) - w ■ VA-^d] • A^'ddx 
<C||A''(w • Vd) - M • VA^d||^3 ||A''d|U3 

9 



<C|| VdlUe II A^ulU. II A^U.. + C|l VzilUe II A^dlU^ IIA^dlUa 
<\Wu\\h + C||Ad||i.||A4d||i3 + ||A^.|U.||A4d|U.||A4d|U3 
<i||A4j.||2, + c||Ad||i.||Ad|||,||A5d|||, + ||Va.|U.||Ad|||,||A5d|||, 

<\WAh + ^IIA^dlli. + C„(||Ad||ii + llV^llil + IIAdlll), (2.25) 

where we have used the Gaghardo-Nirenberg inequahty: 

IIA^dlU. < C||Ad|||,||A5d||j, and < C||Ad||5,||A^d||{,. 

To estimate /§, by using the Leibniz's rule, the fact \d\ = 1, the Holder's inequality and the Young 
inequality, one obtains 

/g = / A-^d Vdpd) • A^dda; = - / A^{\Vd\^d) ■ A^ddx 

= - / [A^d Vdp)d • A^d + SA^d VdHAd • A^d + 3A(| Vdl2)A2d • A^d + \Vd\'^A^d ■ A^d] dx 

<C||A5d|U.(||Vd|U«||A4d|U. + ||A2d|U.|lA3d|U4 + ||Vd||ie||A3dlUe + || Vd|Ue || A^djH ,) 

<C||A^d|U.(||Ad||f,||A5d|||, + ||Ad|||,||A5d|||.) 

<i||A5d||i.+Co||Ad||ii. (2.26) 
Here we have used the following Gagliardo-Nirenberg inequalities: 

IIA^dlUa <C||Ad||J,||A5d||f,; 
||A2d|U4<C||Ad||i||A5d||i; 
IIA^dlUe <C||Ad||J,||A5d||J,; 
IIA^dlUe <C||Ad|||,||A5rf|||.. 
Inserting ([2:251) and ([2:261) into ((2211), one gets 

IllA^rflli. + IIA^dlli. <l\\Ami. + Co{\\Ad\\l\ + \\Vu;\\li + \\Ad\\%) 

<i||A4d||2, + CoCie){l + 2/(t))^. (2.27) 
Combining (|2.23p and (|2.27p together, one obtains 

|(||A3u||i. + IIA^dlliO + i(||A4^,||i. + IIA^dlliO 

<CoC{e){e + 2;(<))^ ||A3«|||, + CoC{e){e + yit))"^ 
<CoC{s){e + y{t)f-^{l + \\A\\\h + WA^hf^ 
<CoC{e){e + y{t))i+'^. 

Hence 

j^y{t)<CoC{e){e + y{t))i + '^. (2.28) 
10 



By selecting e sufficiently small such that | + ^^^^ < 1, then applying Gronwall's inequality to the 
above inequality (|2.28l) . we get the boundness of y{t) on [T, T»], i.e., the estimate (|2.4p is proved 
under the condition (|1.6p . This completes the proof of Theorem 11.11 under the condition ()1.6|) . 
Case II: Next, we prove Theorem 11.11 under the condition (|1.7p . Multiplying (|1.1|) by — Au, 

integrating over , we get 

i-^||VM(-,t)|||2 + ||Au(-,i)|||2 = - / iVu-\7)u-Vudx+ [ {Vd-Ad)-Audx 

2 at 7jj3 7jj3 

= - / (Vm • V)u • Vudx + V / d.dkAdkAu^dx. (2.29) 



Applying A on (11.21) . multiplying it with Ad, and using (jl.3p . we obtain 
1 d 



2dt 



\\Ad{;t) 



\VAd\\l2 = -( A{u-Vd) ■ Addx+ [ A{\Vd\^d) ■ Addx 
= -/ (Au-Vd) ■ Addx -2 I {\7u-V)\7d- Addx+ I A{\\7d\^d) ■ Addx 

JR3 JR3 Jh3 

3 

= - V / didkAdkAu,dx-2[ {Vu-\/)Vd- Addx+ [ A(\\/d\^d) ■ Addx. (2.30) 

Combining (|2.29l) and (|2.30p together, we have 

~ + \m;t)\\h) + (IIAulli. + llVAdlliO 

= - / (Vu • V)m • Vuda; - 2 / (Vu ■ V)Vd • Addx + / A{\Vdfd)Addx 

Jm.3 Jr3 Jr3 

=:Ji + J2 + J3. (2.31) 
For Ji and J2, by the Holder's inequality and (|2.ip . we have 

< / |Vu||VM||Vu|da; < C||Vw||i4||VM||i2 

JR3 

<C||Aw|U2||V7/||s-i^||Vii||i2 

<i||Au|li2+q|Vu|||-^,^||Vw||i2; (2.32) 

J2 < C\\Vu\\L2\\V^d\\L4Ad\\L. < C\\Vu\\L2\\Vd\\L^\\VAdh2 

<^\\\7Ad\\l.+C\m\l^\\Vu\\l., (2.33) 
where we have used the Gagliardo-Nirenberg inequalities 

||V2rf|U4 < C\\\7d\\l^\\\7Ad\\l, and ||Ad||i4 < Cl| VdHI^ ||Ad|||2. 
For J3, similar as the estimate of /4, we have 

J3<i||VAd||i2+C||Vd||i.||Ad||i2. (2.34) 
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Substituting the above estimates (|2.32l) - (|2.34p into (|2.3ip . we obtain 



I {\W;t)\\h + \m;t)\\h) + (IIAulli. + \\VAd\\h) 

<C||Vt.|||_.^||V^||i. + C||Vd||i^(||V^||i. + IIAdlli.) 

<C(1 + llVulll-, + ||Vd|||o ln(e + ||A3vd|U.))(l|V^||i. + ||Ad||i.) 
||Vu||2 +||Vd|l2 



<C I 1 + "^-^ 



, = Jl + He+\\Vu\\^-r +||Vd||^„ ) 

^l + He+\\VuU-j^^ + \\VdUo^j)y 



\\Vu\\l_, +||Vd||^„ 



<C 1 



°°-°° ^= /l + ln(e +11^11^0 +||Vd||so ) 



X ln(e + IIA^ulU. + ||A4d|U.))(l|V^.||i. + \\Ad\\l.) 
l|Vu|||-. +||Vd||^„ 

<g|l+ , I (l+ln(e + y(t)))t(||Vu||i. + ||Ad||iO, (2.35) 



y^l + ln(e+||Vu||5-^i^ + ||Vd||^o^^^)^ 



where y{t) is defined as p.lSp . Here we have used the Sobolev imbedding (|2.8p again. Similarly, 
assume that the condition (|1.7p is not ture, one concludes that for any small constant e > 0, there 
exists T = T{e) G (0,r*) such that 

||Vu|||_, +|lVd|l^„ 

< e. (2.36) 

^ y^l + ln(e+||Vu||^-^i^ + ||Vd||^o^^^) 
Applying Gronwall's inequality on (|2.36p for the interval [T, t), one obtains 



||V<,t)||i. + ||Ad(,i)f 



L2 



<(l|V^.(-,r)||i.+ ||Ad(.,T)||2,)exp<(/ Cdr+C/ , ' ""-^ drln^ (e+ y(^))) 

Vt /l+ln(e+||V^.||^-i +||Vd||50 ) 



I|V^|||_, +||Vdf. 



<(||V7.(-,r)||i. + \\Ad{-,T)\\l,) exp {C[(r, - T) + e\ni{e + y{t))]] 

<C(e) exp(C£(l + Ini (e + 2/(t)))) < C(e)(e + 2/(t))^ . (2.37) 

Similar as the proofs in Case /, by using the above estimate (|2.37p , we find that (|2.28l) still remains 
valid. Thus, we deduce that the estimate (|2.4p still holds provided that the e in (j2.36p sufficiently 
small, i.e., (|2.4I) holds under the condition (|1.7p . This completes the proof of Theorem 1 1 . 1 1 under 
(ITJl). □ 
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3 Proof of Theorem D 

Similar as the proof of Theorem ll.il we prove Theorem [L3] by contradiction. Assume that (|1.8p is 
not true, then there exists < A/ < oo such that 



livdip 



In what follows, we will give some a priori estimates to show that 



dt< M. (3.1) 



lim {\\VMt,-)\\l^ + \\y'd{t,-)\\l.) <C (3.2) 

for some positive constant C depends only on UQ,do, and M. 

We first taking Vx on (|l.ip . it follows from dimension n = 2 that 

- Aw + u ■ Vw = -V X (Ad ■ Vd). 
Multiplying above equality with uj and integrating over , we obtain 
^|ll'^(-,i)lli^ + l|Vc.||i. = -^^ V X (Ad . Vd) • ujdx 

= / (Ad- Vd) • V X wdx < C||Vd||Loo||Ad||L2||Vw||i2 

<i||Vw||i. + q|Vd||i.||Ad||i.. (3.3) 
Similar as the estimate of Ad on the Case I in section 2, we have 
i^||Ad(-,^)||2, + ||VAd|||2 = - / A(u • Vd) • Adda; + / A(|Vdpd) • Adda; 

< / (|Au||Vd||Ad| +2|Vu||V2d||Ad| + AdVdHd- Ad + 2V(|VdnVd- Ad+ iVdplAdndx 

<C(l|Aw|U2||Vd|U^||Ad|U2 + ||V7i|U2||V2d|U4||Ad|U4 

+ ||Vd||i=.||Ad|U2||v2d|U2 + ||Vd|U.^||v2d|U2||VAd|U2 + ||Vd||i=.||Ad||i2) 
<C(||Vc<.|U2||Vd|Uoo||Ad|U2 + ||c^|U2||Vd|lio.||VAd|U2 + |lVd||i„||Ad||i2) 

<^l|V^|li2 + i||VAd||i. + C||Vd||i^(||w||i. + ||Ad||i2), (3.4) 

where we have used the facts |d| = 1, ||Au||i2 < C||Vw||i2, ||Vu[|i2 < C||w||i2 and I|V^d||i2 = 
||Ad||i2, and the Gagliardo-Nirenberg inequalities in M^: 

||V2d|U4 < C||Vd|||^||VAd||J, and ||Ad|U4 < CI|VdI||^ ||Ad|| J,. 

Notice that due to p.ip . one concludes that for any small constant e > 0, there exists T — T(e) e 
(0,T,) such that 



livdip 



so, „ 

dt < e. 



T 



/l + ln(e+||Vd||so ) 



13 



For any T < i < T,, let 



z(t) sup + IIA^dlliO- (3.5) 

T<r<t 



Combining p.3p and (|3.4p together, and using the inequahty (|2.2p with s = 3, it follows that 

|(||a.(.,t)||i. + IIAdlliO + (||V..||i. + llVAdlliO < C||Vd||i.(l|c.||i. + ||Ad||iO 
<C(1 + II Vd||^„ ln(e + ||A2Vd|U0)(lklli. + II Ad||i.) 



llVdf 



2 ^ 



<C(1 + , ^ - ) /l + ln(e+||Vd|Uo )ln(e + ||A3d|U.))(Il^lli^ + l|Ad|| 

^l + ln(e+||Vd||^^^^) V 

l|Vd||2^„ 

<C(1 + , ^ --^^ )(ln(e + zmH\Ml^ + IIAdlliO, (3.6) 

/l + ln(e+||Vd||50 

where we have used the Sobolev imbedding 

By Gronwall's inequality to (|3.6p in the interval [T, t), we have 

lK.,Olii. + i|Ad(.,t)iii. 

<(|K.,T)||i.+ ||Ad(.,T)||iOexp<^ / CdT + C ^ dr(ln(e + ^(t)))^ 



T y'l + ln(e+ llVdllso^^) 

<(IK-,7^)lli^ + ||Ad(.,r)||iOexp{c[(T, -r) + dni(e + z(t))]} 

<C(e)exp(C£(l + ln3(e + z(i)))) < C(£)(e + z(i))^ . (3.7) 

On the other hand, by Lin, Lin and Wang [17j. we known that when the dimension n = 2, 
there holds the energy equality 

\H-Mh + \\^d{-Ml-+ r I (|Vu|2 + |Ad+|Vd|2d|2)dxdi=||^.olli2 + ||Vdo|li2. (3.8) 

Now, we will estimate z{t) defined by (|3.5p . Let us recall the following useful Gagliardo- 
Nirenberg inequalities in R^: 

||Vm|U3 < CIlVzilll.llA^zilll,; llV^^lUa < C||u||J.||A3^.|||,; 

\\KM\l^ < C||Vu|||,||A3u|||,; llVdIUe < C||Vd||J,||Ad|||,; (3.9) 

IIA^dlU^ < C7||Ad|||,||A4d||J,; IIA^dlUs < C||Ad|||,||A4d|||,. 

Applying A^ on ()1.1|) . multiplying A^u and integrating over M'^, and using (|2.18p . the Holder's 
inequality, p.9p and the Young inequalities, one obtains 

2 dt 



l|A^u(-,i)lli2 + IjA^ull^, = - /" A^{u-\7u)-A^udx- [ A^{Ad ■ \7d) ■ A^udx 
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/ [A^{u-\/u) ~u-\7A^u]- A^udx+ A{Ad-Vd)-A^udx 



<C\\[A\u ■Vu)-u- VA2u]||^3 IIA^uIUs + C(||Vd|U6 ||A3d|U3 HA^ujU^ + \\A\\\L2\\A^d\\l,) 
<C(\\AMhWu\\L. + \\Vdhe\\A^dh4^\U2 + \\AML4^^d\\l,] 



<C(||V7.|||.||A3u|||,+ ||A3,.||i.||Vd||^||Ad||i2||A4d||^+||A3M||^.||Ad||^||A4d||^) 
<l\\A\\\h + JllA^rflli. + C(||V«||i. + ||Vd||i.||Ad||i. + IIAdlliO 
<\\\A\\\l2 + \\\AU\\l2 + C(l + llV^^lli. + \\Ad\\h) 

<l\\^Mh + \\\^'d\\l2 + C(l + + IIAdlliO, (3.10) 

where we have used the energy equahty p.Sp . Taking A^ on (|1.2p . multiplying A^d, integrating 
over M^, and using (|2.18p . the Holder's inequality, p.9p and the Young inequalities, one obtains 

~\\A'^d{;t)\\l2 + \\A^d\\l2^- f A%u-Vd)-A^ddx+ f A^dVdpd) ■ A^dda; 
= - / [A^{u ■Vd)-u- VA^d] • A^ddx - / A^dVdpd) • A^'ddx 

= - / [A^(u • Vd) - M • VA^d] -A^ddx-f [A^{\Vdf)d+2A{\Vdf )Ad + \VdfA^d] ■ A^ddx 
<C||[A3(,. . Vd) - • VA3d]||^3 IIA^dlUa + C(||A3d||i3||Vd|Ua + ||A2d||2, 

+ \\Ad\\le\\A^d\\Le + ||Vd|Ua||A3d|U3)||A4d|U2 
<C(||A3d|U3||Vd|Ue||A3u|U2 + \\A^d\\l4Vu\\Le + \\A^d\\L4Vd\\L4^Uh2 
+ \\A^d\\U\A^d\\L2 + \\Ad\\le\\A^dh4^^d\\L2) 

<l\\^'u\\l2 + l\\AU\\l2 + C{\\Vd\\l4A'd\\ls + \\Vuhe\\A'd\\l, + \\AmU + \\Ad\\U^mie) 
<l\\AMh + ^l|A^rf||i2 + Ci\\Vd\\l4Ad\\l2\\Am% + \\u\\l4AMl2\\Ad\\l4A^d\\l 

+ ||Ad||i2||A4rf|U2 + ||Vd|||.||Ad||i2||A4d|||,) 
<\\\A'u\\l2 + \\\A^d\\l2 + C(||Vrf||i2||Ad||i2 + h||i2||Ad||il + \\Ad\\l2 + ||Vrf||i2||Ad||i2) 
<l\\A'u\\l2 + \\\A^d\\l2 + C(||Ad||i2 + \\Ad\\ll) 

<^l|A'«|li2 + \\\A^\l2 + Cil + IIAdlliD, (3.11) 

where we have used the equality p.8|) . Combining p.lOp and (|3.1ip together, and using estimate 
p.7p . we obtain 

±{\\AM;mh + \^'di;t4h) + iW^'nWh + l|A^rf||i2) 
<C{1 + MI2 + IIAdllil) < C(l + |la;||il + \\Ad\\ll) 

<C{e){l + z{t)f^'. (3.12) 
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By selecting e sufficiently small such that 9Ce < 1, and applying Gronwall's inequality to the 
above inequality (|3.12l) . we get the boundness of z{t) on [T, T*], i.e., the estimate p.2p is proved 
under the condition (|1.8I) . This completes the proof of Theorem 11.31 □ 
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